It is shown that the many-phonon states built up from collective quasiparticle pairs satisfy the orthogonality condition in a good approximation, if the approximation scheme recently proposed by Holzwarth, Janssen and Jolos is applied to the intrinsic space in the quasiparticle state space, which is orthogonal to the pairing rotational and vibrational excitations.
§I. Introduction
Recently, Holzwarth, Janssen and Jolos 1 l have proposed a new approximation method to evaluate anharmonicity effects associated with low-frequency quadrupole modes in transitional nuclei_ The essence of this method consists in truncating the quasiparticle state space by building up many-phonon states from collective two-quasiparticle operators with J" = 2+ and evaluating the fermion matrix elements within this collective phonon space. According to a more rigorous formulation given by Iwasaki, Sakata and Takada,") this method is regarded as the first-order approximation in the expansion with respect to the order of commutators involving phonon operators_ In principle, the norm matrix of many-phonon states have to be diagonalized in order to exactly take account of the Pauli principle. However, if the many-phonon states satisfy the orthogonality property in a good approximation, our task is reduced to calculating only normalization constants and, accordingly, physical interpretation of the resulting expressions may be greatly simplified_ The orthogonality implies that we can classify the many-phonon states defined in fermion space in terms of the quantum numbers which characterize the five-dimensional harmonic oscillators (i.e., the quadrupole boson states). In this paper, we show that this property holds in a good approximation, if the collective phonon sPace is defined in the intrinsic sPace of the quasiparticle state space_ The concept of intrinsic space has been introduced in Ref. 3) , which is defined to be orthogonal to the pairing degrees of freedom (pairing rotation and pairing vibration). In § 2, the method of Holzwarth et al. D is applied to the intrinsic space so that the collective phonon space never involves the spurious components associated with the nucleon-number non-conservation in the quasiparticle representation. The condition under which the many-phonon states satisfy the orthogonality property is given in § 3. In § 4 are presented numerical calculations which show that the above condition is satisfied in a good approximation. § 2. Collective phonon space
Recursion relation for the norm matrix of many-phonon states
Let us introduce the many-phonon states in even-even nuclei through the recursion relation : with a and (3 denoting the sets of quantum numbers characterizing the singleparticle state in the j-j coupling shell model; a= {a, ma} = {charge qa, na, la, ja, ma}, etc.
Adopting the first order approximation in the expansion method developed in Ref. 2) , we obtain a recursion relation for the norm matrix of many-phonon states as follows:
where we omit the magnetic quantum number l'vf,., smce the norm matrix does not depend on lvf,.. The C~. factor appearing in the second term results from the Pauli principle among four quasiparticles composing two phonons and is defined by
where I2J.,a)=-l I; <2tt12/J2jJ.,a)XL,Xi",IO).
As is clear from the above expression, the C~. factor measures the deviation of the two-phonon norm from the ideal boson limit. Holzwarth, Janssen and Jolos 1 l pointed out that the SU (6) So far we have regarded the phonon operators Xi 11 as composed of the conventional quasiparticles defined by the Bogoliubov transformation. However, in this case, it is well known that we encounter the spurious state problem arising from the nucleon-number non-conservation in the BCS approximation. In order to separate out the spurious state and to ensure the equivalence between the quasiparticle-and seniority-quantum numbers, two of the authors (T.S. and K.M.) with Kuriyama, Marumori and Sakata 3 l proposed a new mode-mode coupling theory in which the quasiparticle state space is decomposed into the intrinsic and pairing subspaces. The intrinsic subspace is defined as the space composed of the basis states satisfying the condition §_(a) IIF)=O, where fL (a) Is the quasi-spin operator defined by S _(a) = Ua + 1/2) 112 !100 (aa).
Equation (2·7) implies that there is no J=O-coupled quasiparticle pair in [P").
Therefore, in the intrinsic subspace, the quasiparticle number in each orbits exactly coincides with the seniority number defined in the same orbit. On the other hand, the degree of freedom of J = 0-coupled quasiparticle pairs is explicitly treated in the pairing subspace in which the spurious mode appears as the special eigenmode with zero frequency. As shown in Ref. 6 ) we can explicitly construct the intrinsic states in terms of the ideal quasiparticle operators, a"t and aa, satisfying the following "anticommutation relation":
where
These operators also satisfy the relation 2..:"' " a}acet = 0 which means that the J = 0-coupled ideal quasiparticle pair vanishes identically. Thus, by replacing the conventional quasiparticle operators with the ideal quasiparticle operators, we can completely eliminate the spurious state from our collective phonon space. From now on we regard the collective phonon space spanned by the basis states (2 ·1) as defined in the intrinsic subspace and use the "anticommutation relations" (2 · 8). Of course it, implies that we also separate out the physical pairing vibrational mode (belonging to the pairing subspace) from our model space.
Using (2 · 8), we obtain the explicit expression for the C" factor defined by (2. 5):
( 2· 9) where Qa = ja + 1/2. The first term is nothing but the one derived by Holzwarth, Janssen and Jolos,lJ while the second and third terms represent the effect of eliminating the J = 0-coupled quasiparticle pairs from our collective phonon space. It should be emphasized that all components in the summation in the second and third terms contribute coherently. Therefore, the effect of these terms is expected to be large. § 3. Condition for the orthogonality of the many-phonon states
In this section we seek the condition under which the many-phonon states satisfy the orthogonality property within the approximation used in deriving the recursion relation (2 · 4).
The recursion relation (2 · 4) can be further simplified into the following form which is similar to the expression given in Ref. 1) (see Appendix A): Another remarkable feature exhibited in Table I is that the property C2 =C4 holds in a good approximation: Though this tendency is observable for some The adopted parameters are the same as in Fig. 1 .
cases m Cal. 1, the elimination of J=O-coupled quasiparticle paus (Cal. 2) makes the property C2=C. quite stable. The difference between the C2 and C, values, (C2 -C4), is displayed in Figs. 1 and 2 for nuclei in a wider region of nuclear chart. We can clearly see that the property C2 =C4 holds very general without exceptions. In particular, the singular behaviour of (C2 -C4) values at the subshell closure N=38 in Cal. 1 ( Fig. 1) is disappeared in Cal. 2 (Fig. 2) . Figure  3 shows the dependence of the C, values upon the parameter w in the phonon amplitude <j; (ab). We see that the C, values decrease with decreasing U) in the region ru<u)TD and then slowly saturate for uJ<O. This trend is readily understand-c.,._ 0.4 able from the fact that the quasiparticle pair amplitudes spread over the shellmodel space with decreasing w. An important fact is that the property C2 =C4 mentioned above holds independent of the parameter w for the many-phonon states defined in the intrinsic space (Cal. 2).
Thus, the condition for the orthogonality stated in § 3 is satisfied in a very good approximation, if the many-phonon states are defined in the intrinsic space.
The non-diagonal element appears first for the four phonon states with J = 2 and 4 (having different boson seniorities v = 2 and 4). Actual calculations indeed show that the non-diagonal elements are about fourth order of magnitude smaller than the corresponding diagonal elements. On the other hand, the C0 values are about 50% larger than the C2 and C4
values. This is notable in Table I We have shown that, despite the Pauli principle, the orthogonality condition of many-phonon states is well satisfied, when the method of Holzwarth et al.!) is applied to the intrinsic space of the quasiparticle state space. This fact justifies the use of well-known quantum numbers associated with the quadrupole boson states to the classification of the many-phonon states defined in fermion space. We have constructed the collective phonon space in the intrinsic space with the point of view that the anharmonicity effects associated with low-frequency quadrupole modes should be understood in connection with the coupling to the pairing rotational and vibrational excitations. 81 ' 9 l A study in this direction will be reported in a separate publication. and ii and J are the number and angular momentum operators in the quadrupole boson space, respectively. The A= 0-coupled boson pair is known to generate the SU (1, 1) quasi-spin.l!) In terms of the generators, K ± and K 0 , of SU (1, 1) , the eigenvalue of F0 is obtainable:
where the eigenvalues of K 0 and K' are respectively given by (1/2) (n+ (5/2)) and K(K-1) with K= (1/2) (v+ (5/2)).
To derive Eq. (3 ·1), we first take the commutator
Taking the matrix element between the states (n-1, a' J' lvf' I and lnaJi\1), we obtain
With the help of (A· 6), we can rewrite Eq. (2 · 4) into the form (3 ·1).
Appendix B
Here we prove that, m the case C, = C4, the norm matrix takes the following simple form:
<nvrJinv'r' J)= J1 (n, v) Ovv·Orr·.
(B·1)
In this expresswn we explicitly write down the boson seniority v and the additional quantum number r, instead of using the symbol a. Equation (B ·1) means that 1) the norm matrix depends only on n and v, and 2) the non-diagonal terms vanish.
Apparently these statements are satisfied in the two-phonon states, because C, = C4• Now let us assume that the norm matrix of (n -1) -phonon states takes the form 
